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Abstract. The paper proposes a new visualisation in the form of vectors of not-

fully-known quantitative features. The proposal is put in the context of project 

defining and planning and the importance of visualisation for decision making. 

The new approach is empirically compared with the already known visualisation 

utilizing membership functions of triangular fuzzy numbers. The designed and 

conducted experiment was aimed at evaluating the usability of the new approach 

according to ISO 9241-11. Overall 76 subjects performed 72 experimental con-

ditions designed to assess the effectiveness of uncertainty conveyance. Efficiency 

and satisfaction were examined by participants subjective assessment of appro-

priate statements. The experiment results show that the proposed visualisation 

may constitute a significant alternative to the known, triangle-based visualisation. 

The paper emphasizes potential advantages for the proposed representation for 

project management and in other areas. 

Keywords: Fuzzy number visualisation, Fuzzy number vector representation, 

Visual processing, Project uncertainty, Usability. 

1 Introduction 

Project estimating is a crucial element of project planning [1]. It involves providing 

quantitative estimates of various parameters of the project: e.g. cost and duration of 

individual activities or the necessary amount of resources needed. The problem is that 

in the stage of project planning those parameters are often not completely known. This 

is natural, as project is per definition a unique endeavour [2] and at least some of its 

elements are performed for the first time in the given circumstances. The uniqueness is 

especially acute for innovative or R&D projects.  

The reason for the incomplete knowledge in the stage of project planning is either 

the lack of information (e.g. it will be known only in the future how many persons will 

be necessary to perform a task) or ambiguity of available information (in numerous 

cases the customer is unable to communicate clearly what they expect [3]). The “not 
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knowing for sure, due to lack of information or ambiguous information” [4] is one of 

possible definitions of uncertainty. This means that dealing with the problem of not 

being able to provide exact estimations in the stage of project planning is part of project 

uncertainty management [5]. 

Project plan plays a crucial role in project-related decision making [2]. It is on the 

basis of project plan that resources are assigned, or even such critical decisions taken 

as acceptance or rejection of projects. Uncertain information complicates the decision-

making process. That is why it is important to search for ways of supporting decision 

makers in this uneasy but extremely important process. 

One possibility of providing such support is visualisation [6]. It is used in various 

areas and supports decision makers in analysing the current situation and drawing con-

clusions. As one possible representation of uncertainty are fuzzy numbers (according 

to [7], fuzziness is a consequence of uncertainty), their graphical representation (the 

graphs representing their membership function) is a visualisation of uncertainty and 

should support decision makers in analysing projects in their planning stage.  

It is true that fuzzy numbers [8], together with the graphical representations of their 

membership functions, are widely used in the literature to represent uncertainty in the 

planning stage of projects (e.g. [9]). However, we hypothesize that graphs representing 

the membership functions of fuzzy numbers may not always be the optimal way of 

visualising uncertainty and that the same information can be conveyed in an alternative 

way, more attractive and useful from the point of view of at least some decision makers. 

The objective of this paper is thus to propose a new, vector-based method of visual-

izing uncertainty linked to project estimation, a method which would convey the same 

information as triangular fuzzy numbers but possibly in a more attractive and appealing 

form, and to compare the two uncertainty visualisations from the point of view of their 

potential users. 

To achieve the assumed goal, empirical research was designed and carried out. It 

was focused on identifying the basic features of the new uncertainty representation 

proposition in comparison with the traditional form of triangular fuzzy numbers. The 

experimental study was conducted in the perspective of the usability definition pro-

posed in the ISO 9241-11 standard [10]. According to this norm, the key usability as-

sessment dimensions of any information conveying system (e.g. computer program in-

terface) include effectiveness (to what extent the system meets user’s needs), efficiency 

(what resources are necessary to meet those needs), and user satisfaction (related to 

using the system). In this paper, the effectiveness of conveying information about un-

certainty was tested be means of an objective indicator. We measured the accuracy of 

identifying information presented by means of vectors and triangles in relation to their 

textual description. Efficiency and user satisfaction for both representation methods 

were identified subjectively by means of appropriate survey scales measuring partici-

pants’ preferences. The questions about interpretation easiness of both graphical repre-

sentations allowed for their assessment in terms of the efficiency dimension. Partici-

pants’ subjective opinions on the attractiveness of vector and triangular visualisations 

refer to the satisfaction component of the uncertainty conveyance usability. The last 
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aspect of the usability has been explored in recent decades in the area of human-com-

puter interaction. As it was shown many years ago, an attractive message significantly 

influences the objective results in other usability dimensions (e.g., [11–13]).  

The outline of the paper is as follows: In Section 2 a literature review on the present 

usage of visualisation in project uncertainty management is performed. In Section 3 the 

two representations of estimation uncertainty are shortly described: that using the graph 

of a triangular fuzzy number membership function and the new one, based on vectors. 

Section 4 includes all details about the experimental study, whose results are presented 

in Section 5. We finish the paper by discussing the results and summing up the findings.  

2 Visualisation in project uncertainty management: state 

of art 

In order to analyse the state of art with respect to the use of visualisation in project 

uncertainty management, we assumed first of all that project risk is a form of uncer-

tainty [14]. The search string ‘TITLE (project AND (visualisation OR visual))) 

AND (uncertainty OR risk)’ was applied to scientific literature bases ScienceDirect and 

Scopus. The results can be summarised as follows:  

The primordial role of uncertainty communication to project managers is underlined. 

At the same time it is stated that visualisation can play a significant role in conveying 

uncertainty information, and shown that appropriate visualisation methods can improve 

the communication process in project uncertainty management [15].  

Visualisation is used to represent the following aspects of projects: probability dis-

tributions of estimated project parameters [15, 16], resource flexibility [17], interde-

pendencies between projects [18], project initial data generally [19], project portfolio 

information [20], project constraints [21]. Other identified papers treat specific projects 

or problems related to project control, which is not the object of our considerations 

here.  

Visualisation techniques used to represent project uncertainty are graphs, maps, ta-

bles, grids, boxplots, violin plots, strip charts, tree diagrams and stacked bar charts [15]. 

No vectors have been used in this context so far. 

As mentioned above, fuzziness is widely used to model uncertainty of project esti-

mates [9]. Here the only visualisation technique used are graphs representing the mem-

bership functions. This will be presented in the next section, along with a new visuali-

sation proposal. 

3 Membership functions versus vectors – two uncertainty 

visualisation approaches 

Let us suppose that a project parameter P is not known exactly in the stage of project 

planning. The only information which is given is that the most possible value of the 

parameter is 𝑝̂, that the value of the parameter will be included in the interval [𝑝, 𝑝] , 𝑝̂ ∈
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[𝑝, 𝑝] and that the further a value lies from  𝑝̂, the less its possibility degree is, and the 

changes are linear. Obviously, the possibility degree of numbers outside  [𝑝, 𝑝] is 0. Let 

us mention in this place that possibility degree is not the same as probability. The dis-

cussion about the relationship of the two notions has been subject to a vast research 

[22], but here let us limit ourselves to the statement that possibility can be determined 

more subjectively and it expresses the subjective feeling of an (or a group of) expert(s) 

about the possibility of occurrence of the given crisp number in the role of the actual 

value of P. 

Our knowledge about parameter P can be represented first of all as a graph of the 

membership function of the triangular fuzzy number determined by the parameters 

𝑝, 𝑝̂, 𝑝 [8]. This fuzzy number will be denoted as 𝑃̃ = (𝑝, 𝑝̂, 𝑝). Its membership func-

tion 𝜇𝑃 is defined on the set ℜ of real numbers and represents the possibility degrees of 

the respective real numbers. It is defined as follows:  

 𝜇𝑃(𝑥) =

{
 
 

 
 
0 for 𝑥 ≦ 𝑝 or 𝑥 ≥ 𝑝
𝑥−𝑝

𝑝−𝑝
 for 𝑥 ∈ (𝑝, 𝑝̂)

𝑝−𝑥

𝑝−𝑝
 for 𝑥 ∈ [𝑝̂, 𝑝)

   (1) 

Its representation can be seen in Fig.1 (for P represented by numbers 2, 4, 5). 

 

 

Fig. 1. Membership function-based visualisa-

tion of parameter P determined by numbers 

2, 4, 5. 

 

Fig. 2. Vector visualisation of parameter P de-

termined by numbers 2, 4, 5. 

The interpretation of Fig. 1 is as follows: value 4 is the most possible value of the 

unknown parameter P and the width of interval [2, 5], thus 3, represents the indetermi-

nacy degree linked to the estimation of P. The wider the support of the triangle, the less 

is known about the actual value of the parameter being estimated.  

Here we propose an alternative representation of the same information about param-

eter P. The information will be represented as vector whose end will point to the most 

possible value and whose length will indicate the indeterminacy degree. The vector 

𝑃⃗ (𝑝, 𝑝̂, 𝑝) = {𝑚𝑝, 𝑠𝑃 , 𝛾𝑃} will be defined by: 

• its beginning: point with coordinates (𝑚𝑝, 0), where 𝑚𝑝 =
(𝑝 + 𝑝)

2
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• its length 𝑠𝑃 = 𝑝 − 𝑝 

• the angle 𝛾𝑃 between the line 𝑥 = 𝑚𝑝 defined as 𝛾𝑃 = 𝑎𝑟𝑐 𝑡𝑎𝑛(𝑝̂ − 𝑚𝑝), where 

positive values of 𝛾𝑃 stand for the inclination to the right and negative – to the left.  

The vector representation for the considered example of parameter P is given in 

Fig. 2. The interpretation of Fig. 2 is as follows: the inclination of the vector to the right 

from the line 𝑥 = 𝑚𝑝 = 3,5 indicates the distance of the most possible value (here 4) 

from the mean value 3.5: the inclination is to the right because here the most possible 

value is higher than the middle value. Inclinations to the left correspond to most possi-

ble values lower than the middle values. The length of the vector (here 3) shows the 

indeterminacy degree linked to the estimated parameter.  

We hypothesize that vectors may act as clock hands and be more appealing to some 

recipients of the information about the estimated parameter than triangles. The inclina-

tions show changes of the most possible values with respect to the centre points of the 

possible range of the parameter: both the magnitude and the direction of those changes. 

The lengthening of the clock hand indicates that our knowledge about the parameter 

decreases, the shortening shows the opposite direction.  

The two representations were compared in an experiment described in next sections.  

4 Method 

4.1 Subjects 

Overall, 76 volunteer students of Wroclaw University of Science and Technology (Po-

land) took part in the experiments. There were 37 (48.7%) female and 39 (51.3%) male 

participants. Their age ranged from 21 to 29 years, with the mean of 22.5 and standard 

deviation equal 1.1 years. 

4.2 Experimental task and measures 

Factors and their levels were chosen so that it would be possible to verify the effective-

ness of both triangular and vector representations. We included both clear-cut condi-

tions where it was easy to check the correctness of answers, and a number of variants 

that served as noise. That is, an unambiguous answer was not available. The subjects 

were to assess whether the textual information about two features of the examined vis-

ualisations (the indeterminacy and the most possible value) match fuzzy number-based 

and vector-based graphical representations of unknown parameters being estimated. 

Independent variables. We examined two representations, that is, the vector and tri-

angular ones that were described in detail in Section 3. The knowledge about the inves-

tigated not-fully-known parameters differed in two aspects: (1) the indeterminacy, 

which was examined on two levels (low and high), and (2) the most possible value 

(MPV) which varied on three levels (small, medium, big). The factors and their levels 

are graphically shown in Fig. 3. 
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Fig. 3. Factors and their levels examined in the current study: visual representation (vectors, 

triangles), indeterminacy (low, high), the most possible value (MPV: small, medium, big). 

Dependent measures. Two types of dependent variables were employed. For deter-

mining the effectiveness of both visualisation types, we examined the number of per-

fectly correct responses and the quantity of entirely false selections. Subjects were pre-

sented with a following statement: “The description fully corresponds to the graphics”. 

They were to assess on a five-point Likert scale (1 – “I do not agree”, 2 – “I rather 

disagree”, 3 – “Hard to tell”, 4 – “I rather agree”, 5 – “I agree”) to what extent the 

description of uncertainty and the most possible value match the visual representation. 

A sample experimental task is demonstrated in Fig. 4. 

The participants’ preferences towards the investigated stimuli were examined by 

asking them questions regarding both representations, once all effectiveness tasks were 

completed. Subjects were presented with four statements and instructed to specify their 

degree of agreement or disagreement on a seven-point Likert scale (1 – “I strongly 

disagree”, 2 – “I disagree”, 3 – “I rather disagree”, 4 – “I do not have an opinion”, 5 – 

“I rather agree”, 6 – “I agree”, 7 – “I strongly agree”). The questions were as follows: 

“Triangular/Vector representation was easy to interpret”, and “Triangular/Vector rep-

resentation was more attractive to me”. One of the four questions is illustrated in Fig. 5. 
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Fig. 4. Sample screen shot of an experimental task. Subjects assessed on a 5-point Likert scale 

to what degree the description of indeterminacy and the most possible value match the visual 

representation. 

 

Fig. 5. Sample screen shot of one of the questions related to the subjects’ preferences. Partici-

pants assessed on a 7-point Likert scale to what extent they agree or disagree with one of the 

statements on the easiness of interpretation and attractiveness of representations. 

4.3 Experimental design 

A combination of independent variables’ levels resulted in 72 experimental conditions. 

There were 6 not-fully-known parameters differing in the indeterminacy degree (2 lev-

els) and the most possible value (3 levels). The information about all these parameters 

was prepared in two graphical versions, that is triangular and vector. Each of the 

12 graphical variants could be displayed with corresponding 6 different descriptions 

varying in the same way as the investigated 6 parameters. A within-subject design was 

applied, which means that every participant examined all 72 experimental conditions. 
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4.4 Procedure 

The experiments were conducted entirely online. Students received information about 

the possibility of participating in the study. They were provided with the hyperlink to 

a slideshow including voice recorded explanation of the experiment in the context of 

project estimation uncertainty. On the last slide, the subjects were asked to click the 

button that opened the React.js-based supporting software in the default local web 

browser. The experimental software was freely available on the Internet. Due to the 

web page structure, participants were asked to use devices having the screen larger than 

10 inches in diagonal. In the application, subjects had to read and accept the informed 

consent for taking part in the examination and provide their basic data such as gender 

and age. Next, the main part of the study took place, that is, they performed the evalu-

ation of all 72 conditions presented in a random order, followed by assessing four ques-

tions about their subjective opinions on the unknown parameter information visualisa-

tions (see Fig. 4 and 5). In the final thank-you page, they had an opportunity to input 

free-text comments before sending the data to the server. 

5 Results 

Generally, the obtained results prove that both graphical representations were to a large 

extent effective, despite a significant number of experimental conditions that could not 

be unambiguously assessed (3332 out of all registered 5482 cases = 76 sub-

jects × 72 conditions). From among 2150 records that could be clearly identified as ei-

ther correct or incorrect, as many as 2069 (96%) were perfectly answered, and only 81 

(4%) were obvious mistakes. The difference is significantly better than random answers 

(χ2 = 1838, p < 0.0001). These are illustrated in Fig. 6. 

 

Fig. 6. Fully correct answers and clear-cut mistakes as percentages of unambiguous cases. 

5.1 Effectiveness 

Detailed results regarding the 2150 unambiguous records, in relation to the two types 

of unknown parameter representations, are presented in Fig. 7. They show that the num-

ber of the correct responses and errors were comparable both in the triangular and vec-

tor variants, with a tiny advantage in favour of the vector representation. To formally 
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verify the differences, in this section we use typical Chi-Square (χ2) test based in fre-

quencies. Such an analysis showed that the influence of the graphical representation on 

the number of correct answers was not statistically meaningful (χ2 = 0.22, p = 0.64). 

Since the sample was almost perfectly balanced in terms of gender, we examined if 

there were any discrepancies in this regard. In Fig. 8, one may notice that females more 

often provided correct answers than men. This effect was statistically significant 

(χ2 = 13.2, p = 0.0003). Correspondingly, there were fewer clear-cut mistakes regis-

tered for women than for male participants however, the difference was not statistically 

meaningful (χ2 = 1.49, p = 0.22). This interactive factor could be the reason of almost 

identical general effectiveness. 

 

Fig. 7. Triangular and vector percentages of 

correct answers and mistakes. 

 

Fig. 8. Females and males as percentages of 

correct answers and mistakes. 

Due to the significant gender impact on the number of correct and incorrect re-

sponses, we checked whether this effect influenced the results of visualisation effec-

tiveness. The results of this analysis are illustrated in Fig. 9. The data show that there 

were decidedly more correct responses among women than men both for triangular 

(χ2 = 6.55, p = 0.0105) and vector representations (χ2 = 6.60, p = 0.0102), which is con-

sistent with the results from Fig. 8. There were no differences between triangular and 

vector variants – both sexes performed equally (for females: χ2 = 0.72, p = 0.79, and 

males: χ2 = 0.67, p = 0.8). 

As far as errors are concerned, women made more mistakes while assessing triangu-

lar than vector representations. Men, in turn, committed more errors for vector than 

triangular visualisations. However, since the general number of incorrect answers was 

small, none of these differences were statistically significant on the level of 0.1. Simi-

larly, males made more obvious mistakes than females both for triangular and vector 

representations, but in both cases the differences were statistically irrelevant (for trian-

gular: χ2 = 0.42, p = 0.52, and vector: χ2 = 1.14, p = 0.29). 
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Fig. 9. Triangular and vector interaction with gender. Correct answers and errors. 

5.2 Preferences 

The outcomes of the analysis of the subjects’ preferences expressed after performing 

the 72 experimental tasks are illustrated in Fig. 10. Participants rated the easiness of 

interpretation and attractiveness of triangular and vector visualisations of the examined 

parameters. If the gender is taken into consideration, a similar pattern of preferences 

emerges in responses to both types of statements. To formally verify if proportions of 

positive answers differ significantly, we employed classic ratio statistics. It occurred 

that male participants regarded triangles as easier to interpret (77% vs 65%, p = 0.0509) 

and more attractive (74% vs 57%, p = 0.014) than vectors. Women, in turn, tended to 

rate significantly better vector representations than their triangular counterparts in terms 

of easiness of interpretation (73% vs 57%, p = 0.019). However, they rated vectors and 

triangles equally from the perspective of attractiveness (65% vs 65%). It can also be 

observed that females were more decisive as the number of neutral responses from men 

was twice as big (6 vs 12). 

 

Fig. 10. Participants’ subjective preferences towards vector and triangular representations. 
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6 Discussion and conclusion 

The paper presents a new concept of applying a vector representation to project param-

eters’ uncertainty. The performed experimental studies allowed to assess this idea in 

confrontation with the classical approach based on triangular fuzzy numbers. The re-

search was designed and conducted in view of the usability concept specified in three 

dimensions: effectiveness, efficiency, and satisfaction (ISO 9241-11). The level of the 

number of correct identifications of the examined graphic messages was adopted as the 

measure of effectiveness. Efficiency and satisfaction were estimated by examining the 

appropriately subjective participants’ preferences towards the easiness of interpreta-

tion, and attractiveness of the investigated stimuli. As there was a comparable number 

of men and women in the sample, we analysed the differences between both genders. 

The obtained results allow us to evaluate the proposed vector representation of un-

certainty as a promising alternative to the classic triangular approach. First of all, both 

forms of representation are generally equally effective. They correctly convey the de-

signed messages. The vector representation is significantly better in relation to errors 

made by women, but worse as far as for men’s mistakes are concerned. The effective-

ness of both graphic solutions is differentiated by gender as well. For women, the in-

formation conveyed by vectors is significantly easier to interpret than in the triangular 

variants, while for men the opposite is true. The subjects’ satisfaction measured by the 

subjective assessment of attractiveness is slightly higher for vectors (but not statistically 

significantly) in the case of women and considerably higher for triangles in the group 

of men. 

The comparison of men and women overall performance showed a significantly 

greater number of correct answers and a lower number of errors among women than 

among men. This outcome is interesting, especially in light of relatively scarce empir-

ical studies on the gender heterogeneity in various aspects. In a review of studies in this 

area, Vanston and Strother [23] presented the results showing significant differences in 

visual information processing systems by women and men, both at the level of eye 

physiology and neural mechanisms. The results of performing numerous visual tests 

discussed in [24] suggest generally higher efficiency of men (especially in the group 

under 30) in various types of visual message processing. However, some experimental 

studies indicate that women, though on the average slower in performing visually 

guided tasks, are superior to males when the accuracy is taken into account (e.g., [25–

27]). It seems that our findings support this hypothesis, all the more that subjects had 

unlimited time to perform the experimental tasks.  

The new uncertainty representation proposed here, along with the traditional, trian-

gle based one, may find a wide application in defining and planning projects. In those 

processes a countless set of parameters and project quantitative features have to be 

given, even though most of them cannot possibly be known exactly yet. Thus, the two 

representations can be used alternatively, according to each user preferences, to repre-

sent incomplete knowledge about duration, cost, the available and the needed number 

of resource units, the risk occurrence probability and consequences etc.  

It is important that our proposal makes it possible to adapt the visualisation method 

to the user: instead of just one, traditional visualisation it will be possible to offer to 
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project managers and project teams a choice. It is particularly important in the context 

of this study results, which show a significant gender influence on the graphical repre-

sentations usability in conveying uncertainty.  

The two visualisation methods can be of use in other than project management areas 

such as strategical and tactical management of organizations. Everywhere, where there 

is incomplete knowledge with respect to some important quantitative features, it might 

be useful to provide an appropriate form of visualisation to facilitate making decisions. 

Of course, both the vector and triangular forms can be used in any visual communica-

tion system that provides information of this type, e.g., multimedia presentations or 

printed materials. 

While drawing conclusions from this article results, one should be aware that the 

research is preliminary in nature and exhibits a number of limitations. The sample size 

was moderate and included almost exclusively young students having similar charac-

teristics. Thus, more experiments are needed to validate the two graphical representa-

tions and determine for which recipient groups which one should be selected. Conduct-

ing similar experiments in the environment of people professionally involved in project 

management seems particularly interesting. The two visualisations should be applied 

to real-world projects. In agilely managed projects, for instance, visualisation has al-

ready been being widely used [28]. Project teams are accustomed to analyse, discuss 

and make decisions on the basis of various types of graphics, therefore they might be 

open to testing new approaches in this regard. Triangles and vectors could visualize, 

e.g., task effort estimation for Scrum sprints. The application of triangle-based repre-

sentation for this purpose has been already positively validated in practice [29]. A com-

parison with the vector-based representation should be the next step.  

In this paper, we considered only static situations, which is acceptable in the context 

of project planning. During the project realization, however, the situation is dynamic 

and the most important goal is the identification of trends, in the project course. In our 

opinion, the visualisation akin to clock hands could be much more appealing in indi-

cating the trends than triangles. But, of course, this is merely a hypothesis which need 

to be verified.  

The results have shown that both representations of the incomplete knowledge about 

a parameter are generally accepted and understandable. Different groups of users may 

differ with respect to miscellaneous mistakes committed or personal preferences, but 

the results of the experiment show clearly that the new, vector-based representation is 

efficient in conveying the information and has a chance to be accepted and preferred 

by a large group of users. 
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